Oscillatory Motion

In the beginning of the course, we studied the position function and some cases of one-dimensional
motion. There were three cases: x = const (constant position function); v = const (linear position
function); a = const (quadratic position function). The last one (accelerated motion) gave us the two
kinematic equations which we used in solving many interesting problems.

Oscillatory motion is yet another case of one-dimensional motion that sometimes takes place. Imagine,
for example, a ball of mass m attached to a spring of stiffness k and constrained to move on the
horizontal table in one dimension.
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Let us place the origin at the point where the ball is in equilibrium, then the spring's displacement will

equal the position of the ball. Setting up second Newton's law on the horizontal direction, we have
ma=—kx |,

since the only horizontal force on the ball is the force from the spring, which, by Hooke's law, equals

kx and it has a negative projection on our x-axis. Now the goal is to solve for the motion of the ball (the
ball's position function x(t)).

. . . . d’ x
ma=—kx is the only equation we can get for this system. Remembering that a 2? , we can

rewrite it as

d’x
m—,=—kx

dt
It is a second-order differential equation with respect to x. One way to solve it is first switch to the
variable of speed:

dv . . . . -
m E:_k X (our Newton's equation with speed instead of acceleration or position);

dx . o o iy
Y (definition of speed: first time-derivative of position).



s dv X . .
Dividing them by each other, we have m dx =—k , sor my dv=—kxdx . Since the variables
mv’ kx?
separated (v's on one side and x's on the other), this can be integrated into 7:—7+C , Or
mv’ | kx’
T+7 =C , where C is the constant of integration. In this formula, of course, you recognize the

energy conservation equation (see how we derived it in the Energy chapter: we integrated the second

2 2
Newton's law), so the constant of integration is just the total energy E: mTv+kX7 =E .

At the highest position x = A the ball will stop: all kinetic energy will be transferred into the potential
energy of the spring. Therefore, the total energy equals the potential energy of the spring at x = A:
2
E= k’% . As the spring will be pulling back, the ball will go to the left and achieve the minimum

2
position x = —A (due to conservation of energy: when at rest, the potential energy must be k’% , SO

the turning points must be A and —A) where it will stop again and resume moving to the right. Thus, we
can plug in the value of E in our conservation equation:

2 2 2
mTV+kXT:k‘% ,or mv’=k(A*~x*) , from where we have v= k(AZ—XZ)
m

d
Now, remembering that v Z?f by definition, we plug it in and have ﬁ: k(Az—xz) . Separating
m

the variables again to be able to integrate (x's on one side and t's on the other), we have
dx m dx

dt=————=| ——F——
k (A2 2) k \/ A’—x? . We will need to integrate this to get t(x) and then reverse the
—(A"—x

function to finally have x(t).

m dx m . X ) . . .
So, t= —_f =1/ arcsin—+C,; , where C, is another constant of integration. Pulling out x,
kY a'—x k A

we have t—Clz\/Earcsini , arcsini=\/£t—\EC1 , x=Asin(\/Et—\/£C1)
k A A Im m m m

We finally have the position function of the ball. It is a sine function, periodic, with the maximum A

and minimum -A, as expected. The coefficient at the time variable, 1 — , determines how fast it
m
oscillates, so it is called the frequency: w=4— . The maximum position A is called the amplitude
m

(that's why we called it A in the first place). Finally, the constant —\/ K C, 1is a (scaled) constant of
m

integration and determines the initial position of the ball ( x(0)=Asin(— \/E C,) ),soitis called the
m



phase: @=—4 LS C, . Thus, the ball's position function can be rewritten in terms of the quantities
m
defined:

x=Asin(ot+q)

This is the generic position function of all kinds of similar oscillatory motion. The motion with this
position function is called harmonic. (Motion can be oscillatory but not harmonic, e.g., a ball elastically
bouncing up and down on the horizontal surface.)

Kinematics of harmonic motion. We shall now study some properties of this type of motion. First, let
the sine function not confuse you: there are no angles here whose sine is being taken. Sine is solely a
function and we have the position versus time dependence in the fashion of a sine function, that's all.
However, there is some correspondence to uniform circular motion here.
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Imagine a point rotating around a circle with constant speed. Its x-coordinate at all times will be

r cos @, where @ is the angle the particle's radius-vector is currently making with the x-axis. But from
rotational kinematics we know that ¢ can be viewed as the angular position, and for uniform circular
motion with constant v (and therefore constant w), its angular position function is @=@,+wt . So the
x-coordinate of the point changes with time as x (t)zr cosp=rcos(wt+q,) ,whichis exactly the
harmonic motion! Let the cosine instead of sine not confuse you: they are essentially the same function,

only shifted by 7/2 against each other: Sl (x+ %) =sin x cos %+cos x sin %: 0-sinx+1-cos x=cos x

Thus, any function Asin(wt+q) cane be transformed into A cos(wt+1) , where Y is another
phase constant. Let's make sure:

Asin(wt+cp):Asin((wt+cp—%)+%):Acos((ot+cp—%):Acos((ot+1p)

function equals the cosine function with the new phase W=%~ B

, S0 any sine harmonic

There are four cases where it is possible to write out the position function without the phase. Let's start
with the easiest one: x=Asinwt . It equals zero at time zero, so here it means that you started your
clock when the particle was at its initial position. Further, it is positive at small positive t, so the
particle was moving to the right (it entered the positive half of the axis at time zero).



_x; s s Ty _
When =75 | X—ASID(mt+(p)—ASIH(‘”“‘E)—ACOS(’M . Here at zero time x = A. That means

you start your clock when the particle is at the rightmost position.

When ®=% | x=Asin(wt+mn)=A(sinmtcosm+coswtsinm)=—Asinwt . The particle is again at
zero at time zero, but its position grows negative with positive time: the particle is passing the
equilibrium and moving to the left, entering the negative half-axis.

When @:3775 , x=Asin(oot+32—n):A(sinootcos?’TnH:osmtsin%):—Acosmt . Here

x(0)=—Acos0=—A . The particle is at the leftmost position x = — A.

The particle's speed and acceleration can be obtained by differentiating the position function.

v(t):%A sin(wt+@)=wA cos(wt+q)

)

a(t):%wACOS((DI+CP)=—(DZASin(u)t+cp)

Notice that a(t)=—w’x(t) , and, since 0322% , CI(HZ—%X(t) ,or ma(t)=—kx(t) ,whichis

our original Newton's equation. Thus, in harmonic motion, the acceleration (second derivative of the
position) is proportional to the position with the minus sign, and the coefficient of proportionality is the
frequency squared.

From the equations above it follows that the maximum values of speed and acceleration are
Vox=WA | a,.,=w’A (sine and cosine cannot be greater than 1 or less than —1). If you look at the

phases, you will see that speed has its maximum magnitude at x = 0 (which is intuitive because the
spring potential is zero there and all energy is transferred to kinetic), and the acceleration has its
maximum magnitude at the turning points +A (it is also easy to understand because the net force on the
particle from the spring is the greatest at the farthest points).

Problem 1. A particle is undergoing one-dimensional harmonic motion. At the position x; its speed was
measured to be v;, and at the position x it was v,. Find the amplitude and the frequency of motion.

Solution. The generic position function of the harmonic motion is
x=Asin(ot+q)

The speed of the particle at any time is
v=wA cos(wt+q)

Let's call the moments of time when the two measurements were made t; and t, respectively, and write
out the given positions and speeds:



x,=Asin(wt,+¢)
vi=m Acos(wt,+q)
X,=Asin(wt,+¢)
v,=w Acos(wt,+q)

We need to solve for o and A. Let's rewrite the system like this:

%:Sin((ﬂt1+cp)

4 =cos(wt,+q)

%:Sin(oot2+cp)

Y2 =cos(wt,+q)
)

and then square and add ## 1 and 2 and ## 3 and 4 (when you have sine and cosine with unneeded

variables inside, it's convenient to single them out, square and add, so that they both disappear since
sin’ x+cos’x=1 ):

2
1

2 2
X 1%
1 \%
—t 5 5=1 Xi+_12:A2
A w A )
X2 V2 , O Vv
2 2 2, V2 2
T2 2 2:1 X2+_2:A
A oA Q)

Now this one has only w and A as unknowns, so it's easy to solve for them:
2 2 2.2 2 2
_ | Va—Vy _ [ ViXoT Vo X
w= 2 2 0 A= 2 2 :
X1~ X, Vi—V,

Applications of harmonic motion theory.

Mathematical pendulum. A material point (object of a negligible size), for example, a small ball,

suspended on an ideal (massless and non-stretchable) string is called a mathematical pendulum (see
Fig. 3 below).




Given the mass m of the ball and length ¢ of the string, let's find the frequency of its oscillations.

The ball moves along a circular arc of radius € and, when the string makes angle ¢ with the vertical, is
acted upon by the force of gravity mg, which has the projection mg sin ¢ along the tangent line to the
circle, and by the tension of the string T which has no tangential projection. The ball experiences
normal acceleration towards the pivot, but we are not interested in it right now; what we want to pay
attention to is its tangential acceleration, perpendicular to the radius. The tangential projection of the
second Newton's law will give us:

ma,=mgsin g

Further, we can connect the tangential acceleration with the angle @, knowing that the angular
. & (0 . . .
acceleration &= 1 and the tangential acceleration a, are proportional:

the minus sign coming from the fact that when the angle diminishes, acceleration grows.

Plugging it all in, we have

. do_ g .
med=—mgsin e= =—+sin
€ gsme , a2 I ®
d* :
The equation dtczp :—%sm ¢ is a second-order differential equation with respect to ¢. Moreover,

given as it is, it's impossible to solve it in elementary functions. We need to make approximations to
move on. The first-order approximation could be that the angle ¢ is much less than /2 or 1, so
do_ g

de’ Y

sing~@ , and our equation becomes

Let's look above. We have worked on this equation before! In math, it doesn't matter whether you call
the variable x or @: the same equation will yield the same solution. And what we have here is the
harmonic motion equation with respect to ¢@: the second time-derivative of it is proportional to it with

the minus sign. And the coefficient of proportionality, which here is g , must be the frequency

4
squared. Thus, w= \/%

The period of motion is the time during which the motion completes one oscillation. Looking at the

generic position function x=Asin(wt+¢) (do not confuse the phase ¢ with the angular position ¢
2n

for the pendulum above!), we see that the period T=% - There is the third parameter, called the
1
linear frequency (therefore, ® is sometimes referred to as the angular frequency) v= T Zﬁ ,

denoted by the Greek letter nu (v) (in older books it is often denoted by the Latin letter f); it shows the



number of oscillations per second and measured in Hz. Angular frequency, like angular speed, is
measured in s

Therefore, the period of one small oscillation of the mathematical pendulum is T:%IZZ T \/E , and

g
for the ball on the spring T=2x \/% . The period of the mathematical pendulum, as it turns out, does

not depend on its mass or amplitude, only on its length! But remember that we solved the pendulum
only for small oscillations; when the angular amplitude is comparable to 1/2, the oscillation will not be
harmonic and the period will depend on the amplitude. Likewise, for the ball on the spring we used
Hooke's law, which works well for small deformations of the spring; for large amplitudes, the spring
will be affected differently and the oscillations will stop being harmonic.

I made a plot which shows how the period of oscillations of the mathematical pendulum is affected by
its amplitude.
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On the horizontal you have the angular amplitude while on the vertical you have the factor by which
the period differs from the one of small oscillations T,=2x ‘ . You can see that even for n/6 (30°)
g

the increase is still insignificant: T = 1.02 T,. For larger amplitﬁdes, the error that our harmonic
approximation gives will be more noticeable: for n/3, the error would already be 7% (T = 1.07 To).

Physical pendulum. All real pendula are physical. In general, a physical pendulum is a rigid body

pivoted around some point and left to oscillate due to gravity force. We shall here find the period of
oscillation of a physical pendulum.

Fig. 5 mg



Consider a random rigid body pivoted around the axis going through point O normal to the paper,
whose center of mass is at point C. It is at equilibrium when the line OC is vertical (the torque of the
gravity force would be zero). When the body is inclined by angle @, the torque of gravity would be

mgdsing , where d is the distance between the pivot and the center of mass. Setting up the torque
equation:

ITe=mgdsing , where I is the rigid body's moment of inertia around the point O.

2
Since a=—dd—tCP (angular acceleration is positive when the angle diminishes),

2 2
dd;p:—mgdsincp , or ddt(p:—ngdsincp .

I

We have the same type of equation as for the mathematical pendulum. Approximating sing@~¢ for
small oscillations, we have

d’o __mgd
a1 7
- . . . : : mgd
This is the harmonic motion equation again. From our experience, we know that N must be the

frequency squared:

d
r=mee o imgd oL
I mqgd

Problem 2. Find the period of small oscillations of a) a rod of length £ about its end; b) a hoop of
radius R about any point on it.

Solution. Using T =274 L , we have:
mgd

2

a) For the rod about its end = mé and distance from the center of mass to the pivot is d=

3
2
T=2my M2 _op 128
3-mg?t 3g

b) The hoop's moment of inertia about its center is mR?. Using Huygens — Steiner theorem, we have
I=mR*+m R*=2mR* about any point on the hoop. Obviously, d = R here. Plugging in:

- o
T=2m4 ZmR =2n\/£ .
mgR g

Problem 3. Remembering that in the real world the mathematical pendulum is actually a solid ball of
radius r suspended by the string of length ¢, find its period of small oscillations taking this fact into
account. Compare it to the formula derived for the mathematical pendulum.

, SO

N | o




Solution. Using the formula for the period of oscillations of a physical pendulum

T=2m L
mgd

and seeing that for this situation the distance between the pivot and the center of mass would be
2
d={¢+r , and the moment of inertia of the solid ball around the pivotis I= gmr2+ m(B +r )2 , we

have

2+r 2r?
+
g 5g(&+r)

%m r+m(e+r)
T=2mn = J

mg(£+r)
If r - 0, our formula becomes the standard period of the mathematical pendulum T=2x \/z .
g

Let's try to consider the situation when r << £, but still not zero. For this case,

Tm2n\/€ L = —1 1+£ 2—rm2n[ 1+— \/7(1+—) , thus the error arising for
g g Sgt’ 2¢

the mathematical pendulum model’s actually being physmal is proportional to half the ratio of the ball
radius and the strings length. Thus, a small ball on a long string would suffice for a good model of the
mathematical pendulum.

More complicated oscillators. Sometimes you may encounter an oscillating system that is more than a
pendulum: for example, a rod with attached springs and strings, some of which go over some pulleys,
etc. The usual question is to find the frequency (or period, or linear frequency) of the oscillator. There
are two ways to do that. First is the torque equation: in a non-equilibrium position find the torques and
set them equal to Ie. Many of them will depend on the angle ¢, and € would be the negative second
time-derivative of ¢. Now make approximations for small ¢ ( sing~q,cos@~1 ), and pull € on one
side. Your equation would look like this:

d’g
— &= =—...
d ( )CP
frequency squared. You have found the frequency.

; this is the harmonic equation, and the expression in the parentheses must be the

The second way is to write out the potential and kinetic energy of the oscillator in a non-equilibrium
position and set it equal to the constant E. Then differentiate the whole expression by time. Angular

speed should cancel and you will be left essentially with the torque equation. Now proceed as above
and find the frequency.

Problem 4. A rod of mass m and length ¢ is pivoted around one of its ends. At the length £/3 from the
pivot, a ball of the same mass m is attached to the rod, and at the other end of the rod a spring of
stiffness k is attached, whose other end is fixed. Find the frequency of this oscillator.



Fig. 6

Solution (torques). When you rise the rod by some angle ¢, the torque from the hanging ball will be
mg#¢/3 cos @, the torque from the gravity on the rod will be mg#/2 cos ¢, and from the spring k(x — xo)¢,
where x is its displacement from the horizontal up, and X, its original displacement from the non-
stretched position. The moment of inertia of the rod and ball is

I=

From geometry, x={sing~fqgp .
The torque equation is

imﬂzsznggcosqﬁm—gg

Coscp+k(€cp—xo)€Nng€+nge+k(€cp—x0)€=%mg€+k(Bcp—xo)ﬂ ,

4 59 ki X
6t m® %)

The additional constants in the harmonic equation don't affect the frequency: if, instead of x=—wm’x
we have x=—w’x+C , where C is any constant (dot above the variable is a time-derivative, two dots
— second time-derivative), it affects only the equilibrium position, but not frequency (you can try
proving it as an exercise). So, our torque equation,

will give us the frequency w= ELS .
4m
? .
Solution (energy). Displaced by ¢, the setup has the potential energy of the ball _m3g sing |, potential
g ) _ 2 _ 2
energy of the rod % sin®@ and potential energy of the spring k (x ZXO) —k (g > Xo) . The

2

2
To”_14 m€2w2=§m #*w’ . Conservation of energy:

29

kinetic energy of the system is



. Lo— 2
E:gqnqu+mg€gn@+”@8an@+k( ¢ —Xo) Cor
9 3 2
Lp—x,) Lo—x,)
E:§m€2c'p2+%mg€sincp+k7( szx(’) m%m€2cp2+%mg€cp+k7( (02 o)

Differentiating the whole thing by time:
2 oo, 5 .k . . . 5
0-5 mé 2cpcp+€ mgfcp+§ 2(9—x,)€9 , ¢ cancels, divide by m¢*, and we have

4. 59 . k kX . 9k . kx, 5g
O=—@p+=—Z+—0p——m— , =———0p+
AN AL e Ly Al )

mé 6¢

The quantity in the parentheses is a constant and it does not affect the solution, so the coefficient before
¢ must be frequency squared:

> 9k 9k
(1) — —

“am 0 “\anm

In many cases, deriving energy is easier than setting up the torque equation.



